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Abstract
We consider the one-loop effective potential at zero temperature in Lifshitz
type field theories with anisotropic space-time scaling, with critical exponent
z = 3, including scalar, fermion and gauge fields. The fermion determinant
generates a symmetry breaking term at one loop in the effective potential
and a local minimum appears, for non zero scalar field, for every value of
the Yukawa coupling. Depending on the relative strength of the coupling
constants for the scalar and the gauge field, we find a second symmetry
breaking local minimum in the effective potential for a bigger value of the
scalar field.
1 Introduction
In this work we study four dimensional U(1) gauge theories in the Lifshitz
context, interacting with a complex scalar field and fermions with Yukawa
coupling to the scalar field. The discussion on Lifshitz-type models has been
stimulated recently by Horava who proposed a theory of gravity which is
power counting renormalizable [1]. Extensive research in the gravitational
and cosmological aspects, such as black hole solutions, has been done [2].
In the Lifshitz-type models there is an anisotropic scaling between tem-
poral and spatial directions, measured by the dynamical critical exponent,
z,
t→ bzt, xi → bxi (1)
that breaks Lorentz symmetry in the classical level. Non-relativistic field
theories of this type have been considered also since they have an improved
ultraviolet behavior and their renormalizability properties are quite different
than conventional Lorentz symmetric theories [3]–[7]. Various field theoret-
ical models at the Lifshitz point and non Lorentz invariant extensions of
gauge field theories are under consideration [8]. We observe that the quan-
tum effects define an effective energy scale, dependent on the dynamics of
the model and restore Lorentz invariance for energies smaller than this scale
[6, 9].
In order to investigate the various implications of a field theory it is
particularly important to examine its symmetry structure, at the classical
and the quantum level. A basic tool for this study is the effective action
and effective potential [10]–[20]. In a previous work [15] we analyzed, for
dynamical exponent z = 2 the case of a single scalar field and we found a
symmetry breaking term induced at one-loop at zero temperature, as well
as terms induced at finite temperature at one-loop, that provide symmetry
restoration through a first-order phase transition. In a subsequent work [19]
we studied a scalar field coupled with a U(1) gauge field also for z = 2.
We found that the results depend on the relative strength of the coupling
constants for the scalar and the gauge fields, for a particular range of values
of which we found similar effects as in [15]; namely, when the strength of
the gauge interaction is much smaller than that of the scalar the model
has spontaneous symmetry breaking effects. The phenomenon of symmetry
breaking however disappears for increasing values of the gauge coupling. In
high temperature the model shows symmetry restoration effects.
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Because of the importance of symmetry breaking and restoration phe-
nomena in particle physics and cosmology we extend here our previous work,
including scalar, gauge fields and fermions at the value z = 3 of the crit-
ical exponent1. Considering the physical implications of the several terms
induced at one-loop in the effective potential we see that the behavior of the
model depends strongly on the gauge and the fermion couplings with a rich
phase structure. The behavior of the terms appearing at one loop from the
integration of the various fields differs drastically from what happens corre-
spondingly in the case z = 2, as we describe in the main text. Depending on
the relative strength of the gauge coupling to the scalar coupling one or two
minima appear in the effective potential. If the fermion Yukawa coupling
is non zero then both minima correspond to symmetry breaking with the
relative depth depending on the couplings of the model. We can see that,
in this model, fermions can give symmetry breaking without the need of a
coupling to a gauge field [21, 9].
We write the model and calculate the one-loop effective potential in Sec. 2.
In Sec. 3 we describe the contribution of the various terms in the effective
potential.
2 The model, calculation of the effective po-
tential
The action of the model is
S =
∫
dtd3x
(
−1
2
F0iF
0i − 1
4
Fij(−∆)2F ij + 1
2
[D0Φ]
† [D0Φ]
+
1
2
[
DiD
2Φ
]† [
DiD2Φ
]
+Ψiγ0D0Ψ+Ψiγ
kDkD
2Ψ− hΦ†ΦΨΨ− U(Φ)
)
(2)
with z = 3 where, as usual, Fµν = ∂µAν − ∂νAµ, ∆ = ∂i∂i, Φ = Φ1 + iΦ2,
Dµ = ∂µ + ieAµ and D
2 = DkD
k = −DkDk.
The dimensions in units of mass for the gauge fields and coupling are:
[A0] = (d + z − 2)/2, [Ai] = (d − z)/2 and [e] = (z − d)/2 + 1 and for case
d = 3, z = 3 we have [A0] = 2, [Ai] = 0 and [e] = 1. For the fermion field
and the Yukawa coupling of fermions we have [Ψ] = d/2, [h] = z. The scalar
field has also dimensionality [Φ] = (d − z)/2 = 0, the potential term for Φ
can, therefore, be an arbitrary polynomial up to the infinite order [16].
1One cannot define the analog of the Dirac equation for z = 2.
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In order to illustrate the general features of the relative contributions of
the gauge, scalar and fermion terms to the effective potential we will consider
a potential term of the eighth order,
U(Φ) =
g
8!
(
Φ†Φ
)4
(3)
with [g] = 6, where the strength of relative contributions, as it will turn out,
will depend on the dimensionless ratio g/e6.
The action is gauge invariant under the usual U(1) gauge transformations.
To calculate the effective potential we add an appropriate, for z = 3 gauge
theories, gauge-fixing term [19]
Lgf = −1
2
(∂0A0 +∆
2∂iA
i)
1
∆2
(∂0A0 +∆
2∂iA
i). (4)
Although non-local, this is the analog of the Feynman gauge for the Lifshitz-
type theory at hand and can be derived using either a Fadeev-Popov [19]
or a BRST [5] procedure. As in usual QED the ghosts decouple and we
can ignore them. This gauge fixing term, (4), has the advantage of making
the calculation of the effective action easier by canceling the mixed A0 − Ai
terms. One may investigate these problems in various, more general gauge
conditions; provided one chooses a renormalizable gauge-fixing, the physical
results will be gauge-independent [11, 13, 22].
Now we shift the fields Φ1 → φ+ φ1, Φ2 → 0 + φ2 in the action, expand
the action up to quadratic order, and then calculate the effective potential
for φ at one-loop integrating over the various fields [11]. To calculate only
the effective potential we keep φ space-time independent. We write for the
Lagrangian, separating the kinetic terms from the interaction terms:
L+ Lgf = L2 + Lint (5)
keeping only quadratic order and φ-dependent terms, where
L2 =
1
2
A0(
∂20
∆2
−∆+m2e(φ))A0 −
1
2
Ai(∂
2
0 −∆3)Ai
−1
2
φ1(∂
2
0 −∆3 +m21(φ))φ1 −
1
2
φ2(∂
2
0 −∆3 +m22(φ))φ2
+Ψ(iγ0∂0 − iγk∂k∆−mF (φ))Ψ (6)
and
Lint = me(φ)A0∂0φ2 − 1
2
me(φ)
2Ai∂i∂j∆Aj −me(φ)Ai∂i∆2φ2. (7)
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We have m21(φ) = U
′′(φ), φm22(φ) = U
′(φ) for the scalar φ-dependent masses.
For the fermion and the gauge field we have correspondingly mF (φ) = hφ
2
and me(φ) = eφ. For the particular potential term that we will analyze
we have m21(φ) =
1
6!
gφ6 and m22(φ) =
1
7!
gφ6, but we will keep the abstract
expressions in order to give the most general result for the effective potential.
If we turn now to the Euclidean momentum space after the Wick rotation,
the action of the model is:
SE =
1
2
∫
dωd3p
(2π)4
{A4(ω
2
p4
+ p2 +m2e)A4 + Ak(ω
2 + p6)Ak + φ1(ω
2 + p6 +m21)φ1
+φ2(ω
2 + p6 +m22)φ2 +m
2
eAkpkpjp
2Aj − 2imeA4ωφ2 + 2imeAkpkp4φ2}
+
∫
dωd3p
(2π)4
Ψ(γ4ω + γkpkp
2 −mF )Ψ, (8)
where we used the expressions ω = ip0, γ4 = iγ0, A0 = iA4 and the notation:
p2 = p2i for the spatial momentum. We use also the abbreviations mk instead
of mk(φ) in what follows.
When we are doing the functional integration it is easier to perform first
the integration with respect to A4 and Ak, and then with respect to φ2. The
integration with respect to φ1 and Ψ,Ψ is independent and straightforward.
The standard techniques of functional integration [11] give the final result
for the effective potential at one-loop:
Ueff = U(φ) +
1
2
Tr ln(ω2 + p6 +m21) +
1
2
Tr ln(ω2 + p6 +m22)
−2Tr ln(ω2 + p6 +m2F ) +
1
2
Tr ln(ω2 + p6 +m2ep
4)
+
1
2
Tr ln
(
1 +
m2em
2
2p
4
(ω2 + p6)(ω2 + p6 +m22)
)
, (9)
where Tr =
∫ dωd3p
(2π)4
.
The first three contributions in (9) can be treated in the same way. For
the integration over ω after dropping an overall infinite constant we have
[19, 20]: ∫ ∞
−∞
dω ln(ω2 +B) = 2π
√
B. (10)
We use also the regularized identity:∫ ∞
0
dαα−3/2−δ exp−αB = Γ(−1
2
− δ)B 12+δ = −2√π
√
B, (11)
4
in the limit δ → 0.
So the first one-loop correction term, Um1 , in (9) becomes
Um1 =
1
2
∫
dωd3p
(2π)4
ln(ω2 + p6 +m21) =
1
2
∫
d3p
(2π)3
√
p6 +m21
=
M ǫ
2
∫
ddp
(2π)d
√
p6 +m21 = −
M ǫ
4
√
π
∫ ∞
0
dαα−3/2
∫
ddp
(2π)d
exp−α(p
6+m2
1
), (12)
where ǫ = 3−d and M is an arbitrary UV mass scale introduced to compen-
sate for the integral dimensions, keeping [p] = 1. Integrating out the angles
of the integration momentum and after the change of variable p = u
1
3 we get
Um1 = −
M ǫ
4
√
π
1
(2π)d
2πd/2
Γ(d/2)
∫ ∞
0
dαα−3/2
∫ ∞
0
du
3
u
d
3
−1 exp−α(u
2+m2
1
) . (13)
We perform the integral over u first and then the integral over α, and using
a change of variables and the properties of the Γ function, we get:
Um1 = −
M ǫ
4
√
π
1
(2π)d
2πd/2
Γ(d/2)
Γ(d/6)
6
Γ(−1
2
− d
6
)(m21)
1
2
+ d
6
=
m21
48π2
Γ( ǫ
6
)
(1− ǫ
6
)
M ǫ(m21)
− ǫ
6
(4π)
ǫ
2
. (14)
Expanding the last expression in powers of ǫ we get the final result:
Um1 =
m21
48π2
(
6
ǫ
− γ − 3 ln(4π)) + m
2
1
48π2
(1− ln(m
2
1
M6
)), (15)
here we have a 1
ǫ
divergence corresponding to a logarithmic divergence if we
use a momentum cutoff, Λ, instead of dimensional regularization.
The fourth term in (9), that comes from the gauge field, can also be easily
integrated with the previous approach, and we get
Ume =
1
2
∫
d3p
(2π)3
p2
√
p2 +m2e = −
M ǫ
4
√
π
∫ ∞
0
dαα−3/2
∫
ddp
(2π)d
p2 exp−α(p
2+m2e)
= − M
ǫ
4
√
π
1
(2π)d
2πd/2
Γ(d/2)
Γ(1 + d
2
)
2
(m2e)
3
2
+ d
2Γ(−3
2
− d
2
). (16)
For d = 3− ǫ, expanding in powers of ǫ we get:
Ume =
m6e
128π2
(
2
ǫ
− γ − ln(4π)) + m
6
e
128π2
(
11
6
− ln(m
2
e
M2
)). (17)
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For the last, mixed term in (9),we proceed as follows: we rescale with the
scalar mass m2 the integration variables ω → x = ω/m2 and p→ y = p/m1/32
then this term depends on the ratio m
2
e
(m2
2
)1/3
1
2
Tr ln
(
1 +
m2em
2
2p
4
(ω2 + p6)(ω2 + p6 +m22)
)
= 2
m22
(2π)3
∫ ∞
0
∫ ∞
0
dxdyy2 ln
(
1 +
m2e
(m22)
1/3
y4
(x2 + y6)(x2 + y6 + 1)
)
. (18)
If define now the dimensionless parameter λ = m
2
e
(m2
2
)1/3
and the function
F (λ) =
∫ ∞
0
∫ ∞
0
dxdyy2 ln
(
1 + λ
y4
(x2 + y6)(x2 + y6 + 1)
)
, (19)
then the mixed term (18) is written as: 2
m2
2
(2π)3
F (λ).
The integral is finite for every value of the parameter λ, for example
F (1) = 0.4838 for a used typical set of the couplings. The parameter λ is
in general a function of the scalar field φ. For the scalar potential (3) the
parameter λ is independent of φ and equal to λ = (7!)1/3 e
2
g1/3
.
Substituting the results in (9) the dimensionally regularized one-loop ef-
fective potential Ueff in the modified minimal subtraction (MS) scheme is
written as [23]:
Ueff = U(φ) +
m21(φ)
48π2
(1− ln(m
2
1(φ)
M6
)) +
m22(φ)
48π2
(1− ln(m
2
2(φ)
M6
))
−4m
2
F (φ)
48π2
(1− ln(m
2
F (φ)
M6
)) +
m6e(φ)
128π2
(
11
6
− ln(m
2
e(φ)
M2
)) + 2
m22(φ)
(2π)3
F (λ). (20)
For the scalar potential term (3) that we consider, we have:
Ueff =
g
8!
φ8 +
g
6!
φ6
48π2
(1− ln( gφ
6
6!M6
)) +
g
7!
φ6
48π2
(1− ln( gφ
6)
7!M6
))
−h
2φ4
12π2
(1− ln(h
2φ4
M6
)) +
e6φ6
128π2
(
11
6
− ln(e
2φ2
M2
)) +
g
7!
φ6
4π3
F (λ). (21)
Some words are necessary in order to understand why we choose the scalar
potential (3) to be of the order φ8. We observe that the contribution from
the gauge field is proportional to m6e ≈ e6φ6 and negative for large values of
6
the field φ, turning the potential unstable except if we have a positive contri-
bution of the same order from the other terms. An inspection of the effective
potential shows that the other terms from the scalar loops have exactly the
same behavior. The only possibility that we have to stabilize the potential
for large values of φ is to choose the bare scalar potential to behave as φn
with n ≥ 8 for large values of φ.
3 Results
We discuss first the behavior of the Ueff versus φ for zero Yukawa coupling,
h = 0. The one loop effective potential is zero and has a local minimum φ = 0.
The contribution of the scalar terms and the gauge term is positive for small
values of φ and negative for large values of φ as we can see from Eq. (21)
for the effective potential. The contribution of the mixed term, however,
always comes with a positive sign. The final conclusion on the presence of
symmetry breaking at one-loop depends on the dimensionless ratio of the
scalar and gauge couplings, because if the gauge term turns negative before
the scalar terms then it is possible for a second minimum to appear for φ 6= 0.
We plot the effective potential, for h = 0, in Fig. 1: the results are shown
in terms of the overall dimension one, ultraviolet scale, M . The potential is
in units of M6 and φ has mass dimension zero. The coupling constants are
g = g˜M6, e = e˜M and h = h˜M3. With fixed g˜ = 0.1 and h˜ = 0 the three
curves shown correspond to e˜ = 0.68, 0.69 and 0.70, from top to bottom. We
see the phenomenon of symmetry breaking induced by one-loop effects as the
gauge coupling e˜ is increasing beyond a critical value. The critical value for
the gauge coupling e˜ depends on the value of the scalar coupling, g˜.
When we include in the plot the fermion contribution the picture changes,
because now the fermion determinant gives a negative contribution for small
values of φ and turns positive for bigger φ. We plot the full expression for
the effective potential (21) with h˜ 6= 0 in Fig. 2 and Fig. 3: the results are
shown again in terms of the overall ultraviolet scale, M . We work with fixed
g˜ = 0.1 and fixed h˜ = 0.2.
The three curves shown in Fig. 2 correspond to e˜ = 0.15, 0.71, 0.73, from
bottom to top and the figure is drawn for small values of φ. We see that
symmetry breaking is induced by one-loop fermion effects for every value of
the gauge coupling, e. As the gauge coupling increases a second minimum
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appears for a bigger value of φ when the gauge coupling is above a critical
value. We see this behavior in Fig. 3 for the same values of the gauge cou-
plings, as before, e˜ = 0.15, 0.71 and 0.73 from top to bottom. For e˜ = 0.73
the effective potential has two minima, one for φ ≈ 1.5 and the other for
φ ≈ 8.5. The relevant depth of the two minima is coupling dependent. For
e˜ = 0.71 and 0.15 the effective potential has only one minimum for φ ≈ 1.6
and φ ≈ 2.2 correspondingly.
Finally we comment briefly on a Yukawa Lifshitz-type model with a real
scalar field [9]. In [9] a dynamical mass for the fermion appears using the
non-perturbative Schwinger-Dyson approach. The generated fermion mass
is non zero when the Yukawa coupling exceeds a critical value. Using the
effective potential techniques as above we can isolate only the fermion con-
tribution. For the scalar field it is enough to use a mass φ2 term. We find
then that a symmetry breaking minimum for the potential appears, for a non
zero value of φ, that gives mass to the fermion, for every value of the Yukawa
coupling.
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